In the present paper we explicitly construct the on-shell supersymmetric component action for a 3-brane moving in D = 8 within the nonlinear realizations framework. Similarly to the previously considered case of the super 3-brane in D = 6, all ingredients entering the component action follow from the nonlinear realizations approach. The component action of the 3-brane possesses N = 4, d = 4 supersymmetry partially broken to N = 2, d = 4 one. The basic Goldstone superfield is the generalized version of N = 2, d = 4 hypermultiplet. The action has a structure, such that all terms of higher orders in the fermions are hidden inside the covariant derivatives and vielbeins. The main part of the component action mimics its bosonic cousin in which the ordinary spacetime derivatives and the bosonic worldvolume are replaced by their covariant (with respect to broken supersymmetry) supersymmetric analogs. The spontaneously broken supersymmetry fixes the Ansatz for the component action, up to two constant parameters. The role of the unbroken supersymmetry is just to fix these parameters.
Introduction
In the famous super p-brane scan [1] there are only two branes with four-dimensional worldvolume -3-brane in D = 6 and in D = 8. While the first 3-brane has been considered in [2] and then further analysed in many other approaches including the superfield ones [3, 4, 5] , for the best of our knowledge the 3-brane in D = 8 has been not considered yet. It is a bit strange, because on the worldvolume the effective action for such 3-bane will be just the action for N = 2, d = 4 hypermultiplet [6] -the superfield which probably is not less known than the N = 2, d = 4 vector supermultiplet. Such an action has to possess hidden, spontaneously broken N = 2 supersymmetry which, together with the manifest N = 2, d = 4 one, forms a N = 4, d = 4 supersymmetry algebra with four central charges. Such a situation, probably, can be explained by the on-shell nature of the hypermultiplet constraints in the standard superspace, so the using of harmonic [7] or/and projective [8] superspaces 1 is unavoidable. Another reason probably is related with the fact that, after dimensional reduction from the known actions in higher dimensions and fixing the κ-supersymmetry, we will end up with a long tail of fermionic terms having no geometric meaning. Moreover, in the theories with partially broken supersymmetry there is the possibility of redefining the fermionic components in many different ways: starting from the fermions of the linear realization and finishing by the fermions of the nonlinear realization. Under such redefinitions the action changes drastically and a priori it is unknown which basis is preferable.
In this second part of our paper we construct and analyse in details the action of supersymmetric 3-brane in D = 8 using the nonlinear realization approach [10, 11] properly modified for the construction of component actions in [12, 13] . In our approach we are paying much attention to the broken supersymmetry, almost ignoring the unbroken one. Thanks to the fact that all physical components appear as the parameters of the corresponding coset, all of them have Goldstone nature. Keeping in mind that the Goldstone fermions, accompanying the partial breaking of supersymmetry, can enter the component action either through the covariant derivatives or vielbeins, only, the Ansatz for the action having a proper bosonic limit contains just two constants (one constant is related with the possibility to add Wess-Zumino term to the action). The fixing of these constants is the role playing by unbroken supersymmetry.
The plan of our paper goes as follows. In Section 2 we provide the superspace description of the 3-brane in D = 8. The constraints on the basic N = 2, d = 4 superfield (covariantized hypermultiplet conditions) and the equations of motion -that is all that we can get in this way. Section 3 is the main part of our paper. There we derive the bosonic action of our 3-brane, propose the Ansatz for the component action, fixing the parameters entering into such an Ansatz and, finally, demonstrate the relations between spinor derivatives of the fermionic superfields and space-time derivatives of the hypermultiplet. We conclude with a short discussion and further perspectives of our approach. The Appendix contains purely technical material, concerning the evaluation of the Cartan forms and covariant derivatives.
Three-brane in D = 8
The action of the N = 2 supersymmetric three-brane in D = 8 is a minimal action for the Goldstone N = 2, d = 4 hypermultiplet accompanying the spontaneous breaking of N = 1, D = 8 supersymmetry down to N = 2, d = 4 one, or, in other words, the breaking of N = 4 supersymmetry to N = 2 in four dimensions [1] . Despite the fact that this information should be enough to construct the superfield action of the three-brane in terms of the N = 2, d = 4 hypermultiplet, for the best of our knowledge, such an action has been not constructed yet. Our goal in this paper is to carry out a less ambitious task -to construct the on-shell component action for such a system. In our construction we are going to use the building blocks having clear geometric properties with respect to broken N = 2 supersymmetry. The basic tool for this is, similarly to the first part of this paper [14] , the method of nonlinear realizations [10, 11] adopted for this task in [12, 13] . Our procedure includes three steps: a) construction of the superfield equations of motion, b) deriving the bosonic action, c) construction of the full component action. 
Superfield equations of motion
As a reminder about its eight-dimensional nature, the superalgebra (2.1) possesses the so(1, 7) automorphism algebra. Again, from d = 4 perspective, so(1, 7) algebra contains the d = 4 Lorentz algebra so(1, 3) generated by L AB , su(2)⊕ su(2) subalgebra with generators T ij and R ab , respectively, and the generators K ia A from the coset SO(1, 7)/SO(1, 3) × SU (2) × SU (2). The full set of commutation relations can be found in Appendix.
Keeping the d = 4 Lorentz and SU (2) × SU (2) symmetries linearly realized, we will choose the coset element as g = e The transformation properties of the coordinates and superfields with respect to all symmetries can be found by acting from the left on the coset element g (2.2) by the different elements of N = 4, d = 4 central charges extended Poincaré supergroup. In particular, for the unbroken (Q, Q) and broken (S, S) supersymmetries we have
• Unbroken supersymmetry:
• Broken supersymmetry:
The local geometric properties of the system are specified by the Cartan forms. The purely technical calculations of these forms, semi-covariant derivatives and their algebra are summarized in Appendix.
As we already demonstrated in [12, 13, 14] , the covariant superfield equations of motion may be obtained by imposing the following constraints on the Cartan forms: 5) where | means the dθ-and dθ-projections of the forms. These constraints are similar to superembedding conditions (see e.g. [15] and references therein). The constraints (2.5a) result in the following equations:
These equations allow us to express the superfields ψ α a ,ψ aα and Λ ia A through the covariant derivatives of superfields q ia (this is the so called Inverse Higgs phenomenon [16] ):
where in (2.9) we explicitly write only the leading, linear in ∇ A q ia term. In addition, from (2.6) it follows that
Clearly, these are just a covariantized version of the hypermultiplet conditions [6] which put theory on-shell. The constraints (2.5b) follow from (2.5a), but their explicit form helps to simplify the consideration. Firstly, the dθ (dθ) projection of the form ω S (ω S ) relates the spinor derivative of the superfields ψ 
At the same time, the dθ (dθ) projection of the form ω S (ω S ) gives the equations
The invariance of the equations (2.6), (2.7), (2.11) and (2.12) with respect to N = 2, d = 4 superalgebra (A.2), (A.3) is guaranteed by the invariance of the conditions (2.5). Thus, we conclude that the supersymmetric 3-brane in D = 8 is described by the covariantized N = 2, d = 4 hypermultiplet. Unfortunately, it is not so simple to write down even the bosonic equations of motion which follow from (2.10). In the next Section we obtain the proper bosonic action starting from its invariance with respect to the bosonic subalgebra (A.2), and then we will construct the full on-shell component action for our supersymmetric 3-brane.
Component action
As we already noted, it is not clear how to construct the superfield action within the nonlinear realizations approach. It is even technically hard to extract the bosonic equations of motion from the superfield ones (2.10). Therefore, we are going to construct the on-shell supersymmetric component action within the nonlinear realizations approach following the approach developed in [12, 13, 14] . The useful ingredients for this construction include the reduced Cartan forms and reduced covariant derivatives, covariant with respect to broken supersymmetry only. The basic steps of our approach are
• construction of the bosonic action
• covariantization of the bosonic action with respect to broken supersymmetry
• construction of the Wess-Zumino terms
• imposing the invariance with respect to the unbroken supersymmetry.
Let us perform all these steps for the supersymmetric 3-brane in D = 8.
Bosonic action
In principle, the bosonic equations of motion can be extracted from the superfield equations (2.10). But the calculations are rather involved, because one has to express the superfields Λ ia A in terms of ∇ A q ia (see eq. (2.7)). Instead, one can construct the corresponding action directly, using the fact that such an action should possess invariance with respect to D = 8 Poincaré symmetry spontaneously broken to d = 4. One of the key ingredients of such a construction is the bosonic limit of the Cartan forms (A.6) which explicitly reads
The bosonic part of our constraints (2.5)
will result in the bosonic analog of the relations (2.7)
Plugging these expressions in the form (ω P )
A bos (3.1) one may obtain
Now, the unique invariant which can be constructed from the forms (ω P )
A bos is a volume form which explicitly reads d 4 x det(e). Thus, the invariant bosonic action is uniquely defined to be
Using the explicit expressions (3.2) and (3.3), one may find the simple expression for the "metric" g AB in terms of 5) and, therefore, the bosonic action acquires the form
This is the static gauge Nambu-Goto action for the 3-brane in D = 8. One may explicitly check that the action (3.6) is invariant with respect to K ia A transformations (with the parameter A A ia ) from the coset
and therefore, it is invariant with respect to the whole D = 8 Poincaré group.
Covariantization with respect to broken supersymmetry
Working in the component approach, we cannot straightforwardly construct the Ansatz for the action which possesses the unbroken supersymmetry. In contrast, the broken (S, S) supersymmetry can be maintained quite easily due to the transformations δ S θ α i = δ Sθ iα = 0. Thus, the first task is to modify the bosonic action (3.6) in such a way as to achieve invariance with respect to broken supersymmetry. Due to the transformation laws (2.4), the coordinates x A and the first components (q ia , ψ α a ,ψ aα ) of the superfields (q ia , ψ α a ,ψ aα ) transform under broken supersymmetry as follows:
Thus, the volume d 4 x and the derivatives ∂ A q ia are not the covariant objects. In order to find the proper objects, let us consider the reduced coset element (2.2)
where the fields (q ia , ψ α a ,ψ aα ) depend on the coordinates x A only. The corresponding reduced Cartan forms (A.6) read
These forms are invariant with respect to the transformations (3.8). Therefore, the covariant x-derivative will be
while the invariant volume can be constructed from the forms (ω P )
A red . Thus, the proper covariantization of the action (3.6), having the right bosonic limit, will be 12) where the covariantized metric tensor G AB , evidently, reads
The action S 1 (3.12) reproduces the fixed kinetic terms for bosons and fermions
This would be too strong to maintain unbroken supersymmetry. Therefore, we have to introduce one more, evidently invariant, purely fermionic action
which will correct the kinetic terms for the fermions, because
Thus, our Ansatz for the invariant supersymmetric action of the 3-brane acquires the form
where α is a constant parameter that has to be defined, and we have added the trivial invariant action S 0 = d 4 x to have a proper limit S q,ψ→0 = 0.
Let us finish this Subsection by some comments on the Ansatz for our action (3.17)
• Firstly, the fermions ψ α a ,ψ aα transform under broken supersymmetry (3.8) as the Goldstinos of the Volkov-Akulov model [17] . This means that they may enter an invariant action only through the determinant of the super-vielbein det(E) or the covariant derivatives D A . The action (3.17) has just this structure. Moreover, the fermionic limit of the action
is just the Volkov-Akulov action for the Goldstino, in full agreement with the results of [18, 19] .
• Secondly, the transformation properties of the fields q ia (3.8) show that q ia are just the matter fields with respect to broken supersymmetry. Therefore, it is clear that any action of the form
where F is an arbitrary function, depending on all possible Lorentz and SU (2) × SU (2) invariant combinations constructed from D A q ia , invariant under unbroken supersymmetry. Thus, the knowledge of the proper bosonic limit of the action (3.6) is very important to select the particular system from the quite wide family of the actions invariant with respect to broken supersymmetry.
• Thirdly, the parameter α can be immediately fixed to be α = 1, if we will insist on the invariance of the linearized action (S 1 ) lin + (S 2 ) lin under linearized transformations of unbroken supersymmetry
Thus, the suitable Ansatz for our action is
• Finally, it seems to be strange to call the action (3.18) by the term Ansatz, because it does not contain any free parameter. The reason for such a nomenclature is simple -the action (3.18) is not the most general action possessing the proper bosonic limit (3.6) and invariant under broken supersymmetry due to existence of Wess-Zumino terms. Thus, the proper Ansatz for the action of 3-brane in D = 8 reads
This additional term S W Z present in the our Ansatz (3.19), will be constructed in the next Subsection.
Wess-Zumino term
The construction of the Wess-Zumino term, which is not strictly invariant, but which is shifted by a total derivative under broken supersymmetry (3.8), goes in a standard way [20] . First of all, one has to determine the closed five form Ω 5 , which is invariant under d = 4 Lorentz and broken supersymmetry transformations (3.8). Moreover, in the present case this form has to disappear in the bosonic limit, because our Ansatz for the action (3.17) already reproduces the proper bosonic action of the 3-brane (3.6). Such a form can be easily constructed in terms of the Cartan forms (3.10) (for the sake of brevity, we have omitted the subscript "red" below) :
To see that Ω 5 (3.20) is indeed a closed form, one should take into account that the exterior derivative of (ω P ) αα is given by the expression 21) and, therefore, dΩ 5 = 0, because
Next, one has to write Ω 5 as the exterior derivative of a 4-form Ω 4 . This step, in contrast with the case of supersymmetric 3-brane in D = 6 [14] , is not completely trivial. Starting with the "evident" guess
we will get dΩ
The last step is to note that the second term in r.h.s of (3.23) may be represented as
Thus, the proper form Ω 4 , with the property dΩ 4 = Ω 5 , is given by the expression
Integrating this form (3.25) we will get the Wess-Zumino action
By construction, the action (3.26) is invariant with respect to broken supersymmetry transformations (3.8). Thus, the full Ansatz for the component action of 3-brane in D = 8 reads
One should note that the Ansatz (3.27) is the unique, minimal, namely containing only the first derivatives of the fields involved, action with the proper bosonic limit, which is invariant with respect to the broken supersymmetry (3.8). The role of the unbroken supersymmetry is to fix the constant parameter β (we already used the linearized version of the unbroken supersymmetry to fix the parameter α in (3.17)).
Unbroken supersymmetry
The most technically complicated part of our approach is to maintain the unbroken supersymmetry, despite the fact that all we need is to fix one parameter in the action (3.27). In a case which we have now in hands, the situation is even worse than that was in the cases which we considered before [14, 12, 13, 21, 22] , because until now we did not present the exact expressions for the quantities (
ia . The corresponding equations, which can be obtained by the action of the anticommutators ∇ iα , ∇ jα (A.12) on the superfield q mb , have the form
Passing to the components does not help, because the θ =θ = 0 projection of the equations (3.28) reads quite similarly, to be
It seems to be a completely hopeless idea to solve the equations (3.29) starting from the most general Ansatz for (J A ) ia :
where all functions f are the complex(!) scalar functions depending, in general, on all possible Lorentz and SU (2) × SU (2) invariants constructed from D A q ia , and
Indeed, it is completely unbelievable, that the system of quadratically nonlinear equations for the five complex functions (if we will succeed in their construction!) can be solved. Nevertheless, the iterative solution of the equations (3.29) can be straightforwardly found. In the first five orders in D A q ia it reads
The iterative solution (3.32) suggests another form of the (J A ) ia : 
As we expected, the solution (3.35) is rather complicated. Fortunately, there is a loophole which helps us to find the full solution of the equations (3.29) without solving them directly. The idea is to analyze the variation of our action (3.27) with respect to unbroken supersymmetry keeping (J A ) ia arbitrary and then to find and solve the linear equations which guarantee the invariance of our action.
Fixing β
Before performing above mentioned analysis (see the next Subsection), let us firstly fix the parameter β. In order to do this, one has expand the action (3.27) up to terms of the fourth order in ∂ A q ia and the second order in the fermions, i.e.
and consider the variation of this reduced action in the first order in the fermions and the third order in ∂ A q ia . Keeping in mind that under the unbroken Q supersymmetry the covariant derivatives ∇ A (A.10) are invariant, and then for an arbitrary superfield F
one may find the transformation properties of all ingredients in the action (3.27) (we will explicitly write only their ǫ-part)
where
As a consequence of (3.37) we will have
Thus, we see that all H-dependent terms are converted into full space-time derivatives and, therefore, they can be ignored. For the present analysis, in the above given approximation we will need only the reduced version of these variations
Moreover, in these transformations one should insert the object (J A ) ia , up to the proper order, using the solution (3.32). Collecting all these together, we will get the following expression for the variation of the main part of the action (3.27):
The term in the first line in r.h.s. of (3.41) cancels as a full divergence. The terms containing both matrix and ǫ-symbol can be simplified using the σ-matrices property
The last term in (3.41) can be also simplified by inserting d CB = ∂ C q ia ∂ B q ia and extracting the terms antisymmetric in {i, j} and {a, b}, respectively. Then the term antisymmetric in {a, b}, also cancels out. Finally, the variation reads
The variation of the reduced Wess-Zumino action (3.36) can be easily found, because in our approximation we only need to varyψ iα , and take (J A ) ia in this variation only up to the lowest approximation. This variation involves the product of σ-matrices which can be simplified using (3.42). Finally, we will get
After a slightly rearranging of the terms, we will find that (3.44) precisely cancels the variation (3.43) if β = 2. Thus, the action (3.27) with β = 2 is invariant under broken and unbroken supersymmetries in this approximation. One should note that, due to the fact that we do not have at hands any more freedom to modify the action, and keeping in mind that the terms of higher order in the fermions come out from the lowest one, due to the invariance under broken supersymmetry, we have to conclude that the full component action of 3-brane in D = 8 reads
Solution for (J A ) ia
The last step to complete our analysis of the unbroken supersymmetry is to find a closed expression for the (J A ) ia entering the transformation properties (3.37). Our attempts to solve the basic equations (3.29) result only in the iterative solution (3.32) which may be prolonged up to any desired order, but which cannot help us to find the full solution. The idea to find the full expression for (J A ) ia we shortly discussed above, is based on the invariance of our action (3.45) . If this action is invariant, then the vanishing of its variation under transformations (3.37) with unspecified (J A ) ia will result in the linear equations on (J A ) ia which we are going to solve instead of solving the nonlinear equations (3.29). Good news is that the bosonic limit of the equations (3.29) simply corresponds to the replacement D A q ia → ∂ A q ia , and therefore it is enough to consider the variation of the action (3.45) to the first order in the fermions. If we will find the (J A ) ia which nullify this variation of the action, then the full (J A ) ia with all fermionic terms can be reconstructed from it by the inverse substitution ∂ A q ia → D A q ia . The linear in the fermions variation of the integrand in the action (3.45) has the following form:
where we used the following notations:
(3.47)
Combining together the terms with Σ A ia and Σ DB A ia
we will get , have to be zero independently. Nevertheless, due to a specific structure of Σ A ia and Σ DB A ia (3.47) we cannot conclude that the quantities in the curly brackets are equal to zero. Indeed, one may easily check that the terms
are equal to zero, being full space-time derivatives. Thus, the expressions in the curly brackets in (3.48) and (3.49) have to vanish up to the integrand in these additional terms. The coefficients before these terms can be easily fixed from the known lowest orders in the iterative solution (3.32). Thus, we came to the following equations:
and we underline the indices in the equation (3.52) to remind that due to anti-symmetry and self-duality of σ BD in (3.47) we have only three independent equations over these indices in (3.52). Let us start from the equation (3.51). In order to avoid the appearance of the su(2) indices (i, a), we will convert this equation with ∂ B q ka and substitute the Ansatz (3.33) for (J A ) ia . Doing so, we finally get the following matrix equations on the real and imaginary parts of (3.51):
where the matrix Z AB reads
This matrix can be expressed through d AB using the definition (3.34)
Besides the rather complicated structure of the matrix Z AB , the equations (3.54) are linear and can be easily solved. The only problem is to represent the solution in a readable form. We succeeded in the following form of the solution:
Funny enough, the matrices N and K are related in a quite simple way
(3.60)
Having at hands the exact solution for (J A ) ia which guaranteed the invariance of the action (3.45) under unbroken supersymmetry, it is a matter of long and rather complicated calculations to check that the equations (3.52) and (3.29) are satisfied. We did not find any simple way, besides the brute force checking, to demonstrate this fact.
Conclusion
In this second part of our paper we described the partial breaking of N = 1, D = 8 supersymmetry down to N = 2, d = 4 one within the nonlinear realization approach. The basic Goldstone superfield associated with this breaking is the N = 2, d = 4 hypermultiplet q ia subjected to a nonlinear generalization of the standard hypermultiplet constraints (2.10). The dynamical equations which follow from these constraints are identified with the worldvolume supersymmetric equations of supersymmetric 3-brane in D = 8. This part of our paper is quite similar to the previously considered case of spontaneously broken N = 1, D = 10 supersymmetry down to (1, 0) d = 6 supersymmetry performed in [23] . After this superfield consideration, in the main part of this paper (Section3), we turned to the construction of the component on-shell action for this 3-brane. The building blocks for the component action are the Cartan forms for the reduced coset (2.2) which are completely similar to the famous case considered by Volkov and Akulov [17] . Thus, the first Ansatz for our action (3.17), possessing the proper bosonic limit, can be constructed immediately. The first parameter α appearing on this stage can be easily fixed to be 1 by the invariance under the simplest, linear part of the unbroken supersymmetry transformations. The existence of the Wess-Zumino term makes the construction slightly more complicated. Fortunately, this additional term with the new parameter β can be constructed from the same Cartan forms in the way discussed in [20] . Thus, our final Ansatz for the action is defined uniquely (3.27) up to one free parameter β. The fixing of this parameter is a more complicated task. Luckily, it turns out that it is enough to consider the invariance of our Ansatz to the first nontrivial order in ∂ A q ia . Thus, we came to our main result -the component action of supersymmetric 3-brane in D = 8 (3.45).
In contrast with the 3-brane in D = 6 [14] , in order to prove the invariance of our new action with respect to unbroken supersymmetry, firstly one has to solve the nonlinear matrix equation (3.29 ia , which can be immediately solved. Funny enough, the correctness of the approach leads to the fact that this solution of the linear equations solved simultaneously the nonlinear equations.
Thus, in these two papers we completed the construction of the component actions for all 3-branes from the famous brane scan of the paper [1] . The constructed actions contain only objects with clear meaning -vielbeins and covariant derivatives. The derivation of the Wess-Zumino term also needs only the Cartan forms on the reduced coset. The quite simple form of the final action of the 3-brane in D = 8 raised the question of the superfield formulations of such a system within harmonic [7] or projective [8] superspaces. Being constructed, such a description would make it possible to include into the game the N = 2, d = 4 matter superfields, in such a way as to get N = 4, d = 4 invariant systems due to the proper interaction with the hypermultiplet. Finally, one should mention that N = 4, d = 4 → N = 2, d = 4 partial breaking of supersymmetry can be achieved by using the N = 2, d = 4 vector supermultiplet [24, 25, 26] instead of of the hypermultiplet, which will result in the N = 2 supersymmetric Born-Infeld action. We are hoping the approach we are using here will help to solve this task.
In this Appendix we collected some formulas describing the nonlinear realization of N = 1, D = 8 Poincaré group in its coset over its N = 1, d = 4 subgroup.
In d = 4 notation the N = 1, D = 8 Poincaré superalgebra is a four central charges extended N = 4 super-Poincaré algebra containing the following set of generators:
Here, P A and Z ia are D = 8 translation generators, Q 
Here, η AB = diag(1, −1, −1, −1). The eight supercharges Q We define the coset element as follows: 
In what follows, we will need the explicit expressions of the following forms: 
